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1 Introduction 

In the paper [3], which will in what follows be referred to as I, we studied 
the Cauchy problem for the Einstein equations with data on a characteristic 
cone Co- We used the tensorial splitting of the Ricci tensor of a Lorentzian 
metric (7 on a manifold V as the sum of a quasidiagonal hyperbolic system 
acting on g and a linear first order operator acting on a vector H, called the 
wave-gauge vector. The vector H vanishes if g is in wave gauge; that is, if 
the identity map is a wave map from {V^g) onto (V,^), with g some given 
metric, which we have chosen to be Minkowski. The data needed for the 
reduced PDEs is the trace, which we denote by g, of g on Cq- However, 
because of the constraints, the intrinsic, geometric, data is a degenerate 
quadratic form g on Cq- Given g, the trace g is determined through a 
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hierarchical system of ordinary differential equation^ along the rays of Co, 
deduced from the contraction of the Einstein tensor with a tangent to the 
rays, which we have written explicitly and solved. We have called these 
equations the wave map gauge constraints and shown that they are necessary 
and sufficient conditions for the solutions of the hyperbolic system to satisfy 
the full Einstein equations. We have also proved local geometric uniqueness 
of a solution g of the vacuum Einstein equations inducing a given g (for 
details see I). Further references to previous works on the problem at hand 
can be found in I. 

Existence theorems known for quasilinear wave equations with data on a 
characteristic cone give also existence theorems for the Einstein equations, 
if the initial data is Minkowski in a neighbourhood of the vertex. For more 
general data problems arise due to the apparent discrepancy between the 
functional requirements on the characteristic data of the hyperbolic system 
and the properties of the solutions of the constraints, due to the singularity 
of the cone Cq at its vertex O. The aim of this work is to make progress 
towards resolving this issue, and provide a sufficient condition for the validity 
of an existence theorem in a neighbourhood of O under conditions alternative 
to the fast-decay conditions of ^J. More precisely, we prove that analytic 
initial data arising from a metric satisfying fl4.3p -( l474|) together with the 
"near- roundness" condition of Definition 17.21 lead to a solution of the vacuum 
Einstein equations to the future of the light-cone. 

2 Cauchy problem on a characteristic cone 
for quasilinear wave equations 

The reduced Einstein equations in wave-map gauge and Minkowski target 
are a quasi- diagonal, quasi-linear second order system for a set v of scalar 
functions u^, / = 1, . . . , iV, on R"+^ of the form 

A^^^{y,v)Dl^v + f{y,v,Dv) = Q, y = (/) G R"+\ n > 2, f = {f) 

(2.1) 

^For previous writing of these equations in the case of two intersecting surfaces in 
four-dimensional spacetime see Rendall [7] and Damour-Schmidt [6]. 
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If the target is the Minkowski metric and takes in the coordinates y"" the 
canonical form 

n 

^^-{dyy + Y.{dyr, (2.2) 



i=l 



then, 



CJ (J CJ (J 

Dv = {—), Dlv = {^^-^), A,/x = 0,l,...,n (2.3) 



We will underline components in these y" coordinates. 

In the case of the Einstein equations the functions A'^'^ = g^'^ do not 
depend directly on y, they are analytic in v in an open set W CR^. For 
V & W the quadratic form g''^'^ is of Lorentzian signature. The functions 
are analytic in f G and Dv G R^""*"^)^, they do not depend directly on y 
in vacuum. 

The characteristic cone Co of vertex O for a Lorentzian metric g is the 
set covered by future directed null geodesies issued from O. We choose co- 
ordinates y" such that the coordinates of O are = and the components 
^•^^(O, 0) take the diagonal Minkowskian values, (—1, !,...,!). If t> is C^'^ 
in a neighbourhood U of O and takes its values in W there is an eventually 
smaller neighbourhood of O, still denoted U, such that CoDf/ is an n dimen- 
sional manifold, differentiable except at O, and there exist in U coordinates 
y := {y") = {y^ , y\ i = 1, . . . , n) in which Cq is represented by the equation 
of a Minkowskian cone with vertex O, 

Co:={r-y' = 0}, r:={J2iyr}K (2.4) 

and the null rays of Cq represented by the generators of the Minkowskian 
cone, i.e. tangent to the vector £ with components = 1, = r~^y'^ . 
Inspired by this result and following previous authors we will set the Cauchy 
problem for the equations (12. ip on a characteristic cone as the search of a 
solution which takes given values on a manifold represented by an equation 
of the form (12.41) , that is a set v such that 

v = ^, (2.5) 

where overlining means restriction to Co- The function ip takes its values in 
W and is such that £ is a null vector for A, i.e. when A = g 

^^tg^, = goo + '^r-'y'g^ + rSWhj = 0. (2.6) 
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We use the following notations: 




Co n {0 < t := / < T} . 

{y^ > r} , the interior of Cq , 

n {0 < y° < T} . 



Yo 




and we set 

Er := Co n {y^ = t} , diffeomorphic to 5""^ , 
S^:=Yon {y^ = t} , diffeomorphic to the ball 5""^ . 

We recall the following theorem, which applies in particular to the reduced 
Einstein equations 

Theorem 2.1 Consider the problem \2.1\ \2.5\) . Suppose that: 

1. There is an open set U C R"+^ x R^, Yq C U where the functions 
gXfi ^j,g smooth in y and v. The function f is smootl^ in y E U and v G W 
and m Dv G R("+i)^. 

2. For iy^v) E U xW the quadratic form g^^ has Lorentzian signature; 
it takes the Minkowskian values for y = and v = 0. It holds that (p{0) = 

3. a. The function ip takes its values in W . The cone Cq is null for the 
metric g^'^{y, (p)- 

b. ip is the trace on Cq of a smooth function in U. 

Then there is a number < Tq < T < +oo such that the problem \2.1\ 
\2.5\) has one and only one solution v in Y^" which can be extended by conti- 
nuity to a smooth function defined on a neighbourhood of the origin in R"+-^. 

If (f is small enough in appropriate norms, then Tq = T. 

3 Null adapted coordinates 

It has been showijf] that the constraints are easier to solve in coordinates 
adapted to the null structure of Cq, defined by 



^Smooth means C™, with m some integer depending on the problem at hand and the 
considered function. In particular C°° and C" (real analytic functions) are smooth. 
■^See I and references therein. 



X = r — y 



,0 



x^ = r and x^ 




(3.1) 
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A = 2,...n, local coordinates on the sphere ^, or angular polar coordi- 
nates. Conversely 

n 

y° = x^- y' = rQ\x^) with ^ Q\x^ f = 1. 

1=1 

In the X coordinates the Minkowski metric fl2.2p reads 

ri = -{dx^f + 2dx^dx^ + (3.2) 

with 

Sn-i '■= SAsdx^dx^ , the metric of the round sphere S"""^. 

Recall that in these coordinates the non zero Christoffel symbols of the 
Minkowki metric are, with S^^j the Christoffel symbols of the metric s, 

f ^4 = '^^A ' ^AC = ^AC ' r% = —X^Sab , ^AB = ~^^^AB ■ 

(3.3) 

In the general case, the null geodesies issued from O have still equation 
x^ = 0, x"^ =constant, so that i := ^ is tangent to those geodesies. The 
trace g on Co of the spacetime metric g that we are going to construct is 
such that g^^ = and giA = 0; we use the notation 

g = goo{dx°f + 2vodx^dx^ + 2vAdx^dx'^ + (jABdx^dx^, (3.4) 

We emphasize that our assumption that g is given by (13. 4p is no geometric 
restriction for a metric g to have such a trace on a null cone = 0. 

The Lorentzian metric g induces on Co a degenerate quadratic form g 
which reads in coordinates x^, x^ 

g = gABdx^dx^ , (3.5) 

i.e. gu = giA = while gABdx^dx^ = gABdx^dx^ is an x^-dependent Rie- 
mannian metric on S*"""^ induced on each St by ^, we denote it by ^s- While 
g is intrinsically defined, it is not so for (^oo, t'o, J^^, they are gauge-dependent 
quantities. 

Note that g has a more complicated expression in coordinates on Co- 
Since the inclusion mapping of Co in the coordinates is = r hence 
^ = ^, it holds that 

g = gijdy'dy\ with gij = r"Vz/^^ + r~\y^goi + y'goj) + gij- (3.6) 
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For Theorem 12.11 to apply to the wave-gauge reduced Einstein equations, 
the components of the initial data in the y coordinates must be the trace on 
Co of smooth spacetime functions. The solution of the reduced equations 
satisfy the full Einstein equations if and only if these initial data satisfy the 
wave-map gauge constraints. We have constructed in I these data as solutions 
of ODE in adapted null x coordinates, which are admissible coordinates for 
j^n+i Qj^iy fQj^ r > 0. The change of coordinates from x to smooth for 
r > 0, is recalled below; the components of a spacetime tensor T in the 
coordinates x are denoted Tap while in the coordinates y they are denoted 



Lemma 3.1 It holds that: 



Too = Tqo , Til = ^00 + 2— + ——Tjj, Tqi = — (Tqo + TpiQ^), 

^OA = -r— jTo,, TiA = r—^{Toi + Q-^Tij), Tab = Ujr ^-j^-o • 
ox^ — ox^ — — - — - ox^ ox'^ 

Conversely, if Tia = Tn = 

Ox^ 

Too = Too, Toi = -{Too + Toi)r''^y' - Tc 



oy^ 

^ dx^ dx^ 



In the following we shall often abbreviate partial derivatives as follows 

d d d 

9o = TTT, di = — , Oa - 



dx^ dx^ dx^ 
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4 Characteristic data 



4.1 Basic (intrinsic) characteristic data 

The basic data on a characteristic cone for the Einstein equation is a degen- 
erate quadratic form. We will define this data as the degenerate quadratic 
form C induced by a given Lorentzian spacetime metric C which admits this 
cone as a null cone. We denote as before by Co the manifold = r — y^ = 0. 
If we take the as coordinates on Cq it holds that, see fl3.6p . 

C = ajdyW with C^ = C^ + r-\y^C^ + fC^)+r-'yyCoo, (4.1) 

where Ca/s are the components in the y coordinates of the trace (7 of C on 
Co (not to be mistaken with the induced quadratic form C). Assuming that 
Cq is a null cone for C with generators ^= 1, l! = ^, (12. 6p implies that the 
quadratic form C is degenerate, 

yly^Q, = Coo + 2^Co, + ^^a, = o. (4.2) 

rj^ ly ly ly ry ^ 

Lemma 4.1 Two spacetime metrics C and C with components linked by 
Ci/ := Cij_ + r~^{aiyj + ajyi) +r~^ay'y\ Cj^ := Qq- ai, Cqq := Coo - «, 

with Qi and a arbitrary, induce on Co the same quadratic form C , i.e. Cij = 

Ciy 

Proof. Elementary calculation using the identity written above. ■ 

In what follows, to simplify computations we will make the restrictive 
condition that 

C\3, = 0, CW) = -1, i.e C:=-{dy^f + Chidy'dy^. (4.3) 

The set {y^ = r} is then a null cone for the metric C, with generator = 1, 
P_= —/li and only if 

y'C^ = y' (4.4) 

(compare [5j). 
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The general relation between components in coordinates y and adapted 
null coordinates x^, x"^ gives 



C = CABdx^dx" with Cab = Cab, C'ia = Cu = 0, 

with Cab the components of a = r-dependent Riemannian metric on the 
sphere S*""^ 



yi Qyt 

"(Coo + — C'oi ) = Coi = 1, Cqa = ~ ^ C'oo = C*oo = —1. 



This metric C is also such that 

^00 ^ ^OA ^ ^lA ^ ^01 ^ ^11 ^ 

while C*"^^ are the elements of the inverse of the positive definite quadratic 
form with components Cab- 

4.2 Full characteristic data 

We have seen in I that the trace ^ of a Lorentzian metric g satisfying the 
reduced Einstein equations is a solution of the full Einstein equations if and 
only if it satisfies the wave map gauge constraints. These constraints = 
are deduced in vacuum from the identity satisfied by the Einstein tensor S : 

where is linear and homogeneous in the wave gauge vector H while Ca 
depends only on g and its derivatives among Co and the given target g. 
Given g, i.e. (Jab = Cab, Qia = du = 0, the remaining components z/q = goi, 
va = goA, 900 are determined by the constraints and limit conditions at the 
vertex O which can always be satisfied by choice of coordinates (see I). The 
Cagnac-Dossa theorem applies to components in the y coordinates. Lemma 
13.11 gives 

9qo = 900, goi = -{goo + ^o)r~^y' - Ei, with := J^A-^ , (4.5) 

9il = {goo + '^^oV'^y'v^ + r'^{y'Yi + y^^ + ^^-^"^"^ ' 
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while, for the chosen metric C and qab = Cab 
Therefore 

9ij = C^J + {goo + 2uo - ly-^y^ + r-\y'v, + yV,) . (4.6) 



5 Null second fundamental form 

We have defined in I the null second fundamental form of {Co,g) as the 
tensor x on Co defined by the Lie derivative^ with respect to the vector i of 
the degenerate quadratic form g, namely in the coordinates x^,x^ : 

Xab ■■= ^{Cig)AB = ^dicjAB, (5.1) 

XAi ■■= ^{Cig)Ai = 0, Xii := ^{^eg)ii = 0. (5.2) 

In view of the application of the Cagnac-Dossa theorem we look for 
smooth extensions. We define a smooth spacetime vector field L, vanish- 
ing at O and with trace colinear with i = on Co, by its components 
respectively in the x'^ and coordinates: 

d d d — 

L := y^TTT = ^^ttt: + ^^ttt^ hence L = x^i = ri. 
oy^ ox^ ox^ 

We assume that the metric C is smooth in f/, a neighbourhood of O in 
R"+^, i.e. its components Cij are of class C", with m as large as necessary 
in the considered context, functions of the ?/°. We define a symmetric (7™~^ 
2-tensor X, identically zero in the case where C = rj, the Minkowski metric, 
by: 

X ■=IclC -C. (5.3) 



"^Recall that in arbitrary coordinates the Lie derivative reads 
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In y coordinates one ha^, using y^Cij = 

= Xo, = 0, x,^ ^ liy'doC^ + y'-d^}. (5.4) 

with 

y %Cij = 0, 

and, using dty^ = 

yVdhC^ = y'^MfC^) - y'^C^d^f = 0, (5.5) 

which imply 

IJX^ = y'X^ = 0. (5.6) 

In X coordinates we find, using the values of the components Cqq, and Cia 
of the metric C, that the tensor X obeys the key properties 

X^o = 0, X^i = 0, (5.7) 

while 

Xab = ^{x%Cab + x'd,CAB) - Cab. (5.8) 
Hence Xab reduces on the null cone Co to 

Xab = ^x^diCAB - Cab = x^Xab - Qab- (5.9) 

We still denote by X the mixed (7™~^ tensor on spacetime obtained from X 
by lifting an index with the contravariant associate of C; its y components 
are the functions 

2X2 = C^^iy'doO^ + y'd^}, 

hence, C being given by ( 14. 3p . 

Xl^lc!^{y'doC^ + y'dkCur}, Xf^X^^X^^O, (5.10) 

and 

XjL, ^ 0. (5.11) 

^Recall that we underline components in the y coordinates and overline restrictions to 
Co. 
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where the index of L has been lowered with the metric C, so that this is 
equivalent to (5.6). In x coordinates are the only non vanishing compo- 
nents of X. Their traces on Co are 

hence 

X2 ^r^^i^ = + 3% (5.12) 

^ Ob 

and 

trX n-1 

r -g^^d,gj^ ^ + (5.13) 

The trace of the tensor X is the C'^~^ function 

tYX = X^ = Xi = C^''XAB. (5.14) 

On the hght cone Cq it holds that 

i^=Xl = g^^XAB = YS^^'d.gAB -{n-1), (5.15) 
:= xSxc ^ J^i^P^a + + n - 1}. (5.16) 

6 A criterium: admissible series 

To show that the integration of the constraints, which appear as ODE in x^, 
leads to traces on the cone of smooth spacetime functions we shall use the 
following lemma, introduced by Cagnac (unpublished) for formal series, but 
used here for real analytic functions, a special class of C°° functions. 

Lemma 6.1 ^ function is the trace f on Cq of a spacetime function f 
analytic in U H Yq , U a neighbourhood of O, if and only if it admits on 
U n Cq a convergent expansion of the form 

oo 

f = f, + Y.fy (6.1) 

p=i 

with 

U = fp,n...i,Q''-Q"' + /'p,n...v-ie^^...e^-i (6.2) 
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where /q, fp,ii...ip o^nd fp^i^ i^^-^ are numbers. Such a series is called an ad- 
missible series. A coefficient fp of the form Ii6.^) is called an admissible 
coefficient of order p. 

Proof. If / is analytic it admits an expansion in Taylor series 

One goes from the formulas (16.31) to (16. ![ 16. 2p by replacing by r0* and y'^ 
by r, and conversely, in i7 fl Co or in ■ 

Remark 6.2 The identity 1(6. 1\) is equivalent to saying that f is of the form 
f = fi + rf2, with fi and f2 analytic functions of y^. 

We say that an admissible series is of minimal order q if the coefficients 
fp are identically zero for p < q. 

Proposition 6.3 // the metric C is analytic and satisfies the conditions 
l\4-3^ , ^^^^ the functions tiX and |Xp are admissible series of minimal 

orders respectively 2 and 4- 

The following lemmas will be very useful when integrating the constraints. 

Lemma 6.4 // fp and kg are admissible coefficients of order respectively p 
and q, then fp + hp and fphg are admissible coefficients of order respectively 
p and p + q. 

Proof. Elementary computation of {fp + hp)r^ and fphqr^^'^ replacing 
r9* by and by ■ 

Suppose that / and h are admissible series of minimal orders g/ and qh- 
The following are easy-to-check consequences of the lemma: 

• 1) fh is an admissible series of minimal order qj + qh] 

• 2) if qf = qh then / + /i is an admissible series of the same minimal 
order; 

• 3) if /(O) 7^ and qf = then 1// is an admissible series also minimal 
order 0; 
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4) rdif is an admissible series of minimal order qj, unless g/ = and 
then it has a larger minimal order. 



Lemma 6.5 Ifk and h are admissible series with h of minimal order Qh > 1 
and the constant = k{0) > then the ODE 

rdj + kf = h (6.4) 

admits one and only one solution f which is also an admissible series of the 
same minimal order as h. The result extends to qh = if kQ > 0. 

Proof. Expand 



oo 



/ = E^P^'' k = J2Kr', h=J2hprP, (6.5) 

p=0 p=0 p=qh. 

hence 

CO 

rdif = ^pfpT^, 
p=i 

plug into the ODE f l6.4p and proceed to identifications. 
We obtain by equating to zero the constant term 

kofo = ho, (6.6) 

a relation which can be satisfied when ho ^ only when ko 7^ 0. We first 
consider the case where ho = 0, i.e. qt > 1, and take fo = 0. We get the 
successive equalities 

h 

fi + kofi = hi, i.e. /i = / , (6.7) 

1 + fco 

and the recurrence relation, using fo = 0, 

p-i 

ip + ko)fp + ^ Kfp-q = hp ■ (6.8) 

For p < qfiWe have hp = and the recurrence relation gives fp = 0. Therefore 
the leading admissible coefficients of / and h are always related by 

= (6.9) 

Qh + Ko 
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We assume the series for k and h converge for all directions and radius 
cr < 1; that is, we assume that there exists a constant c such that 

\kp\ < (f, and \hp\ < (? , (6.10) 



Since /cq > we have 

I /■ J < I 

1 + fco ^^h 



\h\<\^\<T^<c. 



Assume now that 

\U\<d' for p<po, (6.11) 
then from the iteration we get, for larger values of p, the inequality 

< < ■ (6.12) 

The bounds on \fp\ show that the series for / also converges. It is an admis- 
sible series of minimal order qf = q^. 

When qh = 0, i.e. ho ^ and /cq 7^ we take 

r _ ho 
ko 

and we set 

F = f-fo. 

It satisfies the equation 

rdiF + kF = H, with H:=h-kfo. (6.13) 

We have 

Ho = 

and we apply to F the previous result. ■ 



Corollary 6.6 /// and h are admissible series related by ( [g.-^[ ) andp + ko > 
0, and r^^h is an admissible series then r~Pf is an admissible series of the 
same minimal order. 

Proof. Set / = r^^. If / satisfies f l6.4p then satisfies the equation 

rdi(f) + {p + k)(f) = r~^h. 
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Remark 6.7 The following example is a case of a differential equation of 
the form ( [6'.^[ j with = I, but a negative integer, which does not admit 
as a solution an admissible series. Let 



k = = —1 _ 7- _ _ ^3 _ ^ ^ _ = J- _|_ _|_ ^5 _|_ ^^^^ 

r — 1 1 — 

We can solve the ODE explicitly, 

r r + 1 

r — 1 r 

with /oo an arbitrary integration constant, which cannot be expanded in pow- 
ers of r near 0. However if we change k to r/{r — 1), then k^ changes from 
— 1 to 0, the problem disappears. Remark that the problem also disappears if 
we change h to r^/ (1 — r^), i.e. qh = 2. 

In the following we will assume the metric C, of the form (14. 3p and satis- 
fying fl4.4p is analytic, takes Minkowskian values at the vertex O, and is such 
the components of its trace on Cq satisfy 

C^ = 6,, + c^, C!i = 6'^ + ei, (6.14) 

where Cij and cj^ have admissible expansions of minimal order 2 while doCih 
has an admissible expansion of minimal order 1. The definition flS.lOp implies 
then that 

XI = \c^{Td^ + y^d^h} (6.15) 
has an admissible expansion of minimal order 2. 

7 The first wave-map gauge constraint 

We have deduced our first constrainl|^ from the identity 

FS^p = i?n = -diT + u'd,Uor - K{T, + r) - xixt (7-1) 

with 

T, = W^ + H^, Wi = -iyo-g''''rsAB. (7.2) 

^See I. 
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Hence for the first wave-map gauge constraint in vacuum we have the equa- 
tion 

Ci := -d^T + u^d,UoT - V(r - Uog^^'rsAB) - xlxi = 0- (7.3) 

When cjAB is known this equation reads as a first order differential equation 
for 

^'d,v, = T-'d^r + i(r - uog^'^rsAB) + r-\ixi- (7-4) 
It can be written ClS db linear equation for v — 1, 

diu^ + a{u° - 1) + 6 = 0, (7.5) 

with 

a := T~'d,T + ir + t'^IxI^ \x\' = XaXb, (7-6) 

b:=a- ^g^'^rsAB- (7.7) 
In the fiat case g^^ = r]^^, r = Xa — r^A ^^e equation reduces to: 

5i^° + i(z/°- 1)^ = 0; 
2 r 

it has one solution tending to 1 when r tends to zero, 1^0 = 1. In the general 
case fl7.5p reads, with / := i/° — 1, 

rdif + kf + h = 0, k := ar, h := br = ar — -g'^^r'^SAB- (7.8) 



Recall that = r and 



X'l^la^^d.gx^ =\x^ + 6^). (7.9) 



Hence 



|X|2 + 2trX + n- 1 



trX n — 1 1 r , , 

T = + , r-i = =, 7.10 

r r n - 1 + tiX 



where trX is an admissible series of minimal order 2. The function {1 + 
;;^trX}~^ is the trace of a function as long as 1 + ■:^tTX does not 
vanish, hence always in a neighbourhood of O since trX vanishes there. 
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It holds that 



n-l + trX atrX 
diT = + , (7.11) 



r-9,r^-l + ^l^. (7.12) 

r n-l + trX 



Also we can write 



1, XP + 2trX + n-l X P + trX 1 
X ^ ^ = = ^^ + -. 7.13 

r{n-l + tiX) r{n-l + trX) r 

Finally computation gives 



n-1 r9itrX + trX+ IXI^ ^ 

k = ar = — — + . (7.14) 

2 n — 1 + trA 

We see that k — admits in a neighbourhood of O an admissible de- 
velopment of minimal order 2. 

On the other hand, since in the x coordinates rjia = 0, t'^sab = Vab and 
we have assumed 6"°° = = 0, = 1, g^^ = C^^ , we have 

-g^^r^SAB ^ -g^^'vAB ^ C^^r^AB ^ C^^r^.p - 2. 
Hence, using now the values of Cap 

^^AB2 ^~ ^^^^ ^ ^ 



^-g^^r'sAB ^ ^ (l + C-%-2) ^ + -c^, (7.15) 



where c^^6ij has an admissible development of minimal order 2. We conclude 

that 

r^itrX + trX + |Xf 

(n - 1 + tlx j 2- 



/i = ^ ' - -c'^6ij (7.16) 



admits also such a development. Lemma [6.51 applies, and we have proved: 

Theorem 7.1 // the basic characteristic data are induced on Co by a C^ 
(i.e. analytic) metric of the form ^.3^ , hence satisfying ( [5'.^[ ), then z/° — 1 
admits an admissible expansion of minimal order 2, hence is the trace in a 
neighbourhood ofO of a C^ spacetime function. Then = with X" G C^ 
and X*'(0) = 1. In a neighbourhood of O, it holds that vq = Nq, Nq = 
(XO)-i. 
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In the expression of the characteristic initial data in y coordinates appears 
r~^(z/o — 1) which though continuous on each ray as r tends to zero, is not 
an admissible expansion. We introduce the following definition. 

Definition 7.2 ^1 metric C satisfying l[4-^ - ^4^ ^-5 said to he near-round at 
the vertex if there is a neighbourhood of O where r^^c^j = d^j and r~'^c^5^^ = 
D with (i,,- and D admissible series. 

If C is near-round at the vertex C_^j has an analytic extension Cij of the 
form, with dij analytic extension of dij, 

therefore 

dhCjj = for ?/° = 0, hence dhC^ = for ?/° = 0, 

and 

with dj^ some analytic functions. Hence 

C^=(yOf{D + (i!_d^}. 

Using the definition of we see that if C is near-round at the vertex, then 

Xgfi = y^Yapj with Y_ij := + y^ d^dij + y^ dhdjj ], YjQ = Yqq = 0. 

(7.17) 

Hence 

trX = y°trr, with trF = C!!_Y,, = ^C!^{d,j + y^^dod^j + y^^dhdj^}. 

An elementary computation shows that tiY is of the following form, with Z 
an analytic function, 

try = y^Z, hence trX = {y^Z. 

On the other hand 

Xj = cH^Xjh = y^'&jh := y'Yj, 
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therefore 

We deduce from these formulas that if C is near-round at the vertex then 
r~^trX = Z and r~^|Xp = |yp are admissible series. 

Theorem 7.3 A sufficient condition for r^'^{u^ — 1), with z/q solution of the 
first wave-map gauge constraint, to have an admissible expansion is that the 
metric C given by which induces the basic characteristic data be 

near-round at the vertex. 

Proof. Since f := uq — 1 satisfies the equation (17. 8p . := r"^(z/o — 1) 
satisfies 

r9i0 + (2 + + = 0. (7.18) 

The expression f l7.16p shows that for a metric C round at the vertex r~^h 
admits an admissible development, the application of Corollary 16.61 gives the 
result. ■ 

8 The Ca constraint 

We have written in I the Ca constraint in vacuum as 

Ca = -l^A + rU) + VbXa - ^Oat + dAi^W, + i^odiu'), 
where C,a is defined as 

U := -2u'd,UA + 4u%cx''A+ (w' - ^z/°^ UA + gABf^iSSD-^En) ■ (8.1) 

Using the first constraint we find 

z/o(9iZ/° + -Wi = -a. (8.2) 
2 

where a is given by f l7.14p . hence 

dA{a + K) =r-'dAF(tDC,\X\^), 
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where 



r^itrX + trX + |X|2 1. 



F(trX, iXn := — ■ ' + -trX 

^ ' ' ' ^ n - 1 + trX 2 

raiEX + + l)toX + ItDTp} + |X| 



2 



n - 1 + trX 

admits in a neighbourhood of O an admissible development of minimal order 
2. 

We have: 

Ca = + ra) + VBxi - r-'dAF(tD(, \X\^) = 0. (8.3) 

8.1 Equations for 

We set ^1 = ,^0 = on the cone and we define C,. by 
It holds that 

y% = 0, (8.5) 
because (recall that x^ = r, y'' = rQ\x^)) 

yidx^^^dy^dx^^^^A^Q^ d_dy^^ldy^^ ^^^^ 
dy^ dx^ dy^ ^ ' dr dx^ r dx^ 

We have ^ 
The equation (18. 7p implies that 



or— — ox^ 
hence 

1 dy^ d 



Ca ^ -2 ^{^^i + + ^)} + VbXa - r-^a^F(trX, IX^ = 0. 
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Since trX = trX is a scalar function and the equation of Co in the x coor- 
dinates is x° = and does not depend on x"^, it holds that 



d — — d dy^ d dy' d 

tiX = T^trX = trX = trX, 



dx"^ dx^ dx^ dy' dx^ dy 

analogously 



dx^ dx^ dy^ ' dx^ ' dx^ dy^ 

We now compute, with covariant derivatives V taken in the Riemannian 
metric (jab = Cab 

^BXI = Vb(^X| + l^f ) ^ \VbXI 

tXj tXj tXj 

The Christoffel symbols C^q of the Riemannian connection V are equal 
(recall that C^o ^ (jb\ ^ ^joo ^ ^^le trace on Co of the Christoffel 

symbols with the same indices of the spacetime metric C, hence, denoting 
by ("^^V the covariant derivative in the metric C 



Since the are the only non vanishing components of the tensor X, and 
due to the form chosen for the metric C we find that 

dy^ 
dx^- 



and the equations fl8.3p read 



0. 



The parentheses constitute a linear diagonal operator on the C,j of the type 
considered in lemma 16.51 Equating it to zero gives an equation with solution 
an admissible series of minimal order 1. We denote by the extension 
of to spacetime, that is we have 

6=1, (8.9) 
where S, are analytical functions beginning by linear terms. 
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8.2 Equations for Ui 

We now consider the equations (18. ip which read 

(8.10) 

We set 

|oi = -i^+AZi, with Li_ = CijL!_, Iy!_ = y\ (8.11) 
with z/j such that 

i^ = i^y* = 0; (8.12) 

that is, using f l8.1ip . 
Then (compare (14. 5p ) 



dy"^ _ dy 
ua = - - 

Hence 



dy^ 



We recall that 



XA = li^A+SA) i-e. rucXA = ^cX^ + ^A. 
Therefore, after product by r, the equations can be written as follows 

dv' 1-1 - 1 - 

^(r^ii^ - -rWiiA + -lyor^) - 2Fa - -tv^Ea = 0, 

with 

Fa '■= ^cXa-, Ea ■= (jABg {S(jj-, - T(jj^). 
By definition it holds that 



and since are the only non vanishing components of the mixed tensor X 
in the coordinates x 



dx^ dx^-^ — - 



gocXA — goxXA = -^ZH'aZjd^-^: 
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Recalling that X° = we find, (using flSHj) . X^Lj = 0) 

We then remark that Sq^ ~^cd trace on Co of the difference of 

the components of the Christoffel symbols, rj^^ and C^^, with these angular 
X indices of the Minkowski metric t] and the metric C : 

EA:=-gABf''{SED-CED)^ with EA^CABC'"'{ri^i,-C^D). 

Using the expressions of r] and C and the vanishing of the Christoffel symbols 
of 7] in the y coordinates we find 



with Cj^^ analytic functions, components of Christoffel symbols of the metric 
C in y coordinates, that is, using the values of the y components of the metric 
C 

We recall from fl7.15p that 

rWi = -uog^^r^SAB = -^n - 1+^^}, 
and we find that the equations (IS.lOp can be written 

where Ci is the following linear operator on z/j 
-n-l 1- 



r-aiz/. + z/o{^p + ^ c^^(5fefc }z^-2z^+-z/ore.--rz/o a,C^/-Ci^ = . (8.13) 

We extend as follows Lemma [6.5[ 

Lemma 8.1 If kl and hi are admissible series of minimal orders 1, and the 
constant ko > then the ODE 

rdiUi^ + koUi + kiuj = hi (8.14) 

admits a solution z/j which is also an admissible series of the same minimal 
order than h. 
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Recalling that — 1 is an admissible series of minimal order 2 we see 
that this lemma applies to fl8.13p . We have proved: 

Theorem 8.2 If the basic characteristic data is induced by an analytic met- 
ric C satisfying ( [^.3[ )-( f7^ , the equation l{8.13\) admits one and only one 
solution Vi which is an admissible series of minimal order 2. We denote by 
Ni its spacetime extension. 

We now prove: 

Theorem 8.3 A sufficient condition for r~'^i>i to have an admissible expan- 
sion is that the metric C given by ^4-3^ which induces the basic charac- 
teristic data be near-round at the vertex. 

Proof. Using the relation between X and Y the linearity of F in trX 
and |Xp we see that for C round at the vertex the equation satisfied by 
reads 

with 

h, := ^^)V^{{yYY-) - ^F((i/0)2trF, {y^Y\Y\^) . 

We deduce from the linearity of F in trX and |Xp that r~^hj admits an 
admissible expansion, the same holds therefore (see corollary I6.6P for r~^^j. 
The equation satisfied by Uj reads 

rdiu^ + + Z^d}^}vi - 2vf^Yl = K , (8.15) 

hi = -^i^or§i + ^r^up C^'' (dhdjk + dhdjk - djdhk) ■ 

An extension of Lemma 8.1 shows that r~^z/j admits an admissible expansion 
because it is so of hi. ■ 
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9 The Co constraint 

The last unknown in g, only unknown in the constraint Co, is 

900 = ^00 - 

The constraint Cq has a simpler expression in terms of g^^. Since g^^ is linked 
to ^00 by the identity 

f^goo + f^gio + 9^^ 9 AO = 0, 

we have 

^00 = -f'ii^oY + g^''i^Bi^A ^ ~f\v,f + C!h^Yr (9.1) 
We have seer0 that the Cq constraint can be written in vacuum as 

5iC + ('^+r)C+^{aiir^ + (/s:+r)H^i + i?-i^^^eAeB+^^^V^eB} = 0, (9.2) 
with 

C:={d, + K + K)t' + ]^W\ (9.3) 
K = z/°9iZ/o - + r), Wi = uoW°, W^ = W^ = -rg^^SAs- (9-4) 

9.1 Equation for 

In the flat case it holds that 

n — 1 

z/o,r, = 1, = -W\,r] = , S = 0. 



The function ( reduces to 



Cv--=dif' + lr,{f'-l), (9.5) 



and the equation for ( reads, using ^A,ri = 0, 



. n — 1 ^ 1 ,n — 1 (n — 
d^Cv + + - + R,} = 0. 

^See I. 
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That is, using the scalar curvature of the S"" ^ round sphere of radius r which 
i^ 

R^ = r-\n-2){n-l), (9.6) 

the equation 

11 — 1 

with only bounded solution = 0. From (19 .Sp results then gl^^ = 1. We now 
study the general case. 

We can write as follows the equation to be satisfied by (, 

rdi{rC) k rC +^'^^^ h = 0, (9.7) 
:= r(K + r) - 1 = r{u^diUo + ^(r - W^)} - 1, (9.8) 

Hence 

(rOh := ^{^iTyi + ^(r - W,)W' + R + u'd.UoW' - ^-g''''UB + 9''''VA^B}. 

(9.9) 

We have shown that z/° — 1 and rdiUo, hence also tv^OiVq, admit admissible 
expansions of minimal order 2, and we have seen that rr and rWi are ad- 
missible series with terms of order zero respectively {n — 1) and — (n — 1). 
Hence k is an admissible series of zero order term n — 2, and we have 

K)A; = n-2 + fci, 

with ki an admissible series of minimal order 1. 
We study the terms appearing in "^^^^/i. 



r'^u^diUoW^ = ru^diUorW^ (9.10) 
has an admissible expansion of minimal order 2 (see lemma 16. 4p 

has an admissible expansion of order 4 because C,i has an admissible 
expansion of order 1 . 



See for instance [H p. 140]. 
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the Christoffel symbols C^c °f Riemannian connection V arc equal 
(recall that = = C^^ = 0) to the trace on Cq of the Christof- 
fel symbols with the same indices of the spacetime metric C, hence, 
denoting by (*^)V the covariant derivative in the metric C 



Since the are the only non vanishing components of the vector S, 
and due to the form chosen for the metric C we find 



C^''ic)^A^B = (^)VaS^ , (9.12) 

hence the scalar r'^C'^^V a^b has an admissible expansion of minimal 
order 2. 



We have seen that in the flat case 

n 

r 
and 

d,W^^ ^rW^^^i"^- = -R, . (9.U) 

In the general case we compute 



Wi^r'n,^-^ (9.13) 



diW^ + - Wi)W\ 



Recall that 



n - 1 trX 

+ — ; 



r r 

set 

W^ = Wl^F, with F {g''^ - rf^)t\^. 

Using the values of the Christoffel symbols F^^ and the components of 
g and 77 in x coordinates we find 



r 



r 
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hence 
and 



2 r 2r r r 

Using the value of the scalar curvature R^^ of the round sphere 5"""^ of 
radius r we find that 

r^diW^ + -(r - = -r^R^ + $, 

where $ is an admissible expansion of minimal order 2, 

* := -M, - (n - 2)£^« - 1 („ - 1 + c^XSX + 

To compute r^R we use formulas given in I. The formulas (10.33) and 
(10.37) of I for a general metric in null adapted coordinates are 

g^^RAB = 2(^1 + r}, + r) [{d, + T}, + + F'] 

+ R- - 2^^^V^f i^, 

R,, = -d,T + rl,r-XAxi 



and 



1 - - 1 - 

?oi = -^m^^RAB + RiAi^^ - -Uof^Rn. 



In the case of the metric C it holds that Cqi = 1, Cqa = 0, Coo = — 1, 
C^^ = 1 hence 

(^)ri, ^(^) r}^ ^ 0, (^)r^ ^ -^(c^^^^c^^ + c^^^oC^b), 

and the above formulas reduce to (recall that R = ^^^R): 

C^^ ("^^AB = -{di+ t) [t + C^'^d^C^ + R, 
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Rll = -diT - XAXi: 

and 

from which we deduce 
We have 

Since C is an analytic metric in a neighbourhood of O, ^^^Sap admit admis- 
sible expansions and hence ^'^^<5oi also admits an admissible expansion of 
minimal order 2. 
Recall that 

n-1 tDC , , ,2 |XP + 2tDr + n-l 
T= \ and X = o > 

hence 

r^{29ir+r2+XAXB} = {n-l){n-2)+2{n-l)t¥X + 2rdit^+{t^f + \X\^. 

Finally we remark that OqCab are the non vanishing components of the 
Lie derivative of the metric C with respect to the vector m with x components 
m° = 1, m} — — hence with y components = — 1, = that 

hence 

has an admissible expansion of minimal order 1 and r^{di + T)C^^doCAB an 
admissible expansion of minimal order 2. 
We have proved that 

r^R = r^Rr, + 

where 

* = 2(n - l)tDC + 2rditDC + (tDcf + \X\'^ + r^{di + r)C!idoCij 
has an admissible expansion of minimal order 2. Hence 

r'^idiW^ + -(r - W^)W^ + ^} = $ + 

In conclusion we have shown that ^^'^^h has an admissible expansion of 
minimal order 2, the same is therefore true ofr(. 
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9.2 Equation for a := g — 1 

The definition of ( gives for a := g^^ — 1 an equation wliicli reads 

rdia + r(K + ^r)a + + r + l^i - 2C) = 0. (9.15) 

Theorem 9.1 If the basic characteristic data is induced in a neighbourhood 
of O by an analytic metric C satisfying (4-3)-(4-4), then the equation l{9.15\) 
admits in this neighbourhood one and only one solution a which is an admis- 
sible series of minimal order 2. 

This implies that goo + 1 is also an admissible series of minimal order 2. 

Proof. Using the definition of n in (19. 4p . the equation (I9.15P reads 
rdia + r{n + -r)a + r{v^diVo — C) = 0, 

that is, 

raia + (")fca + (")/i = 0, (9.16) 

with 

WA;:=r(i^°9iZ/o-^IVi), ("^/i := r(z/°9iZ/o - 0- (9.17) 

Previous results show that this equation is of a form to which Lemma 16.51 
applies with *-°^A;o = and ^^^h of minimal order 2. It has therefore a 
solution a, admissible series of minimal order 2. 

The identity (19. ip shows the property of (?oo + 1- ■ 

Theorem 9.2 // in addition to the hypothesis of the previous theorem the 
given metric C is near-round at the vertex, then r~^((7oo + l) is an admissible 
series in a neighbourhood of the vertex. 

Proof. The result will follow from the proof that ^""^h given in (I9.17P 
is such that r~'^^°'^h is an admissible series. By previous results, it remains 
only to prove that r~'^{r() has an admissible expansion, hence that it is so 
of r~'^'^^^'^h. We have 

r-'(^Oh := l{r-2($ + vl/) + u'diUoW' - h^^'U^B + g^^'^A^B}- (9.18) 
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We check that, if C is near-round at the vertex the various terms, studied 
above, are such that the required condition is satisfied. Indeed 

has an admissible expansion because it is so of r'^diUQ and rW^. 

have admissible expansions because does. 

The assumptions on <fl_ and the identity y^dhV = r show that 

y'^dh^ = r\y''dhd^ + 2J%), 

hence r^^$, and r~^\E', with $ and ^ given above have admissible expansions. 
It remains to show the property for 

Since C is an analytic metric in a neighbourhood of O, ^'"■'i£oo 

missible expansion. Denoting by ^^^Kij = —^doCij the second fundamental 

form of C relative to the slicing of i?""*"^ by y^ = constant, we know thatl^. 

We have 

The functions ^'"^Kij are analytic and the Christoffel symbols Cj^ are products 
by y^ of analytic functions, while elementary computations give 

hence using y^Cih = and S^^Cjh = We deduce from these results 

that r~^y^^'~^^S_Qi also has an admissible expansion. 
The proof is complete. ■ 

^See for instance [U Chapter 6]. 
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10 Conclusions 



10.1 An existence theorem 

We have shown that when the metric C given by (14 .Sp which induces on Co 
the basic characteristic data g (i.e. qab = Cab = Cab) is analytic, then 
the functions uq, z/j, ^oo have admissible expansions. We have shown that if 
moreover C is near- round at the vertex (definition 17. 2p . then the functions 
r^^(z/o — 1), r^^Ui, and r^'^{goo + 1) have also admissible expansions. These 
results imply the following theorem (the notations are those of section 2): 

Theorem 10.1 // the metric C given by which induces the ba- 

sic characteristic data on the cone Cq is smooth everywhere, and moreover 
analytic and near-round in a neighbourhood of the vertex, then there exists a 
number Tq > such that the wave-gauge reduced vacuum Einstein equations 
with characteristic initial determined by C and the solution of the wave-map 
gauge constraints have a solution in Yq° which induces on Cq' the same 
quadratic form as C. 

Proof. It results from the formulae 

9oo=9oo, 9oi= -{goo + i^o)}r~'^y' - with y'i^ = 0, (10.1) 

gil - Sij = {goo + 1 + 2(z/o - l)}r-%y + r-\y'uj_ + y^i^) + q,, (10.2) 

and the theorems of previous sections that goo + g^., and g._. — 6ij have 
admissible expansions, hence are the trace on Co of analytic functions. We 
apply the Cagnac-Dossa theorem. ■ 

This theorem and the results of I lead then to the following sufficient 
condidions for the existence of a solution of the full Einstein equations. 

Theorem 10.2 If the metric C given by ^.31 ) which induces the basic char- 
acteristic data on the cone Co is smooth, and analytic and near-round at the 
vertex, there exists a vacuum Einsteinian spacetime {YQ°,g) which induces 
on Cl' the same quadratic form as C . The solution is locally geometrically 
unique. 
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